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Abstract. Recently, a Heavy Traffic Invariance Principle was
"proposed by Szczotka and Woyczyniski to characterize the heavy traf-
fic' limiting distribution of normalized stationary waiting times of
G/G/1 queues in terms of an appropriate convergence to a Lévy pro-
cess. It has two important assumptions. The first of them deals with
a convergence to a Lévy process of appropriate processes which is well
investigated in the literature. The second one states that the sequence
of appropriate normalized stationary waiting ‘times is tight. In the
present paper we characterize the tightness condition for the case of
GI/GI/1 queues in terms of the first condition.
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1. INTRODUCTION

Consider a sequence of queueing systems of GI/GI/1 type with FIFO
discipline of service. The n-th queueing system is generated by a sequence
{Wnx> Uni), k = 1} of pairs of nonnegative random variables v, ; and Uy, such
that {v,4, k > 1} and {u,,, k > 1} are mutually independent and each of them
is a sequence of mutually independent and identically distributed (iid) r.v.’s
with distribution functions B, and A,, respectively, and with finite means
o, gEv,,,k and , Y Eu,; such that a, Y U, — i, < 0. Here v,, represents the
service time of the k-th customer in the n-th queue and u,, represents the
interarrival time between the arrivals of the (k— 1)-st and k-th customers to the
n-th system. Let w, be a stationary waiting time in the n-th queueing system, i.e.

: k
O = SUP Y, (Uyj—Un,j)-
k20 j=1
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It is well known that @, % oo as a, 10. The main problem of the heavy traffic
theory for GI/GI/1 queues deals with an asymptotic of w, as a,10. So the first
problem is to investigate conditions on {(v,, #.4), k = 1} and constants c,,
0 < ¢, 1 o0, under which w,/c, converge in distribution to a nondegenerated
random variable W, as a,10, ie.

(1) a),,/c,,—%W as n— oo.

The second problem deals with identification of the distribution . (W). It
is well known that if the variances Var(v,,) and Var(u,,) are such that
Var(v,,)+ Var(u, ;) converge to finite positive numbers, then (1) holds with
¢, = 1/la,| and W has an exponential distribution. Boxma and Cohen [2] con-
sidered (1) in the case when the distributions % (v, ;) and £ (u, ,) are Pareto
distributions or Pareto distributions with some disturbances. In such situations
those distributions have infinite variances. They showed that . (W) in (1) is the
Mittag-Leffler distribution for some {c,} if the tail of &£ (v, ,) is heavier than the
tail of & (uy,,), while it is the exponential distribution if the tail of & (u,,,) is
heavier than the tail of % (v, ;). Boxma and Cohen [2] analyzed the problem
in Laplace transform terms. Another approach to consider (1), based on
a stable-Lévy approximation, was done by Whitt [117] for GI/GI/1 queues.
A general approach to investigate (1), based on an approximation by a process
with stationary increments, was done by Szczotka and Woyczynski [9], [10]
for G/G/1 queues generated by stationary sequences {(v,x, Unz); k = 1}, which
allow some dependencies between random variables. That analysis restricted to
GI/GI/1 queues is based on an approximation by a general Lévy process and
on the relation

[nt] ‘
w,= sup (Z,(t)—[nt]la,l), where Z,(t) = ), Un;—Un;j—0an), £ 20,02 1.
0<t<o i=1

We analyze one of the main results from [9], formulated there as the
Heavy Traffic Invariance Principle for queues: Assume that the following con-
ditions hold:

I X,=2Z,/c,2 X, in the Skorokhod J, topology in D[0, c0), with
X being a Lévy process;
IL. B, =nla,l/c,— B, 0< B < o0;

ITI. the sequence {w,/c,} is tight.

Then (1) holds with W = supg<;<« (X (£)—Bt).

Conditions for convergence I are well known in the literature of that
subject. Namely, Prokhorov’s result (formulated here in Proposition 1) states
that conditions P1-P4 (given in Section 2) are necessary and sufficient for
condition I to hold in the case of GI/GI/1 queues. Condition II deals with rates
of convergences a, 10 and ¢, T c0. Some sufficient conditions for III are given in
[9] and [10] for a general case of G/G/1 queues. The main aim of the paper
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is to characterize condition III for the case of GI/GI/1 queues in terms of
conditions I and II or, equivalently, in terms of conditions P1-P4 and II. To
describe the main results of the paper let us define

1 1 1
O Y 0n=0) and XAOL Y (=), £20

nj=1
Then X, = X7 —X,!. Furthermore, let G7 denote the condition that ni2/c2 — 0
and niiZ/c2 — 0. The main results of the paper are formulated in Theorems 1-3.
Theorem 1 states that if X2 % X® and X2 % X4 in the Skorokhod J; topology
in D[0, oo), where X® and X are independent Lévy processes with EX5(f) =
EX4(t) =0 and conditions II and G7 hold, then the sequence {a),,/c,,} is
tight and

Onfc > sup (XP(H)—X(0)—pr).
0<t<w

Here arises the following question. Can we characterize condition III in terms
of conditions I and II? An answer to this question is positive and is given in
Theorem 2: If condltlon I holds with EX (f) = 0 and furthermore conditions I,
G7 and '

lim lim j NP (V1 — Oy —tty 1+, < CyX)dx =0

*r—>o n—+owo - 60

are satisfied, then {w,/c,} is tight and
walcn D sup (X () Br).

0st<®

Another characterization of condition III, without condition G7, is given in
Theorem 3 which states that if {B,} and {4,} satisfy conditions G1-GS5 for-
mulated in Section 2 and condition II holds, then {w,/c,} is tight.

Recapitulating, the main result dealing with the conditions for GI/GI/1
queues under which w,/c, converge is stronger than the result given in [2]. It is
also stronger than an appropriate result in [10] given by case (iv) of Proposi-
tion 5 there. The main result of the paper does not assume finiteness of mo-
ments of order higher than 1 for v,; and u,;.

The structure of the paper is as follows. In the next section we give some
notation and preliminary results. The main results are formulated in Section 3,
and Section 4 contains the proofs of all results.

2. PRELIMINARIES

Lévy process. Let Y = {Y (¢), t > 0} be a Lévy process (see [5]) without
Gaussian component and with sample paths in the space D [0, cc). Then the
characteristic function of Y (t) has the form

Eexp(Y (iuY () = exp (t¥s,, (),
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where

(2 Yy (W) =iub+ | (€—1)vdx)+ [ (€*—1—iux)v(dx),
|x|Zr 0<|x|<r

the drift b is a real number, the spectral measure v is a positive measure on
(— o0, ) such that v({0}) =0 and it integrates the function min(1, x*) on
(— o0, o0), while r is a positive number such that the points —r and r are
continuity points of the spectral measure v. The function y; , () is called the
characteristic exponent of the process Y. It is well known (see Theorem 6.1 in
[5]) that E|Y(1)° < oo if and only if jlxl>1|x|5v(dx) < o0, where 6 > 1. In
such a situation the characteristic exponent ¥, , (1) can be written in the fol-
lowing form:

(3) Wy (1) = iub (r)+ ']3 (e™*—1—iux)v(dx),

where b(r) = b+j|x|>rxv (dx) and b(r) = EY(1). Hence, if EY(t) =0, then
b= ——Lx|>rxv(dx).

Convergence to a Lévy process. A Lévy process can be considered as the
limiting process of the processes

[nt]

Kl(t)= Z Cn,ja tZO,nZI,
j=1

1
Cn
where (,; are r.v.’s. In the sequel we recall some special case of the classical
Prokhorov’s result providing sufficient and necessary conditions for such a con-
vergence in the case when, for each n > 1, {{,,, k > 1} is a sequence of iid
r.v.’s with distribution function F, and expectation E{,; = 0. First we intro-
duce a definition of Prokhorov’s condition for {F,} in which M and N are real
nondecreasing - functions on (—oo, 0) and (0, ), respectively, such that
M(x)>0, —N(x)>0 and lim,._, M (x) =lim,. N (x) =0. These func-
tions define a spectral measure v on (— 00, o0) by its values on the intervals
(a, b) in the following way: v(a,b)=M((b)—M(a) for —w0 <a<b<,
v(a, b)= N()—N(a) for 0 <a < b < oo and v({0}) =0.

DEFINITION 1. A sequence of distribution functions {F,} satisfies the Pro-
khorov condition (shortly, condition P) with drift b, and a spectral measure v if
the following conditions hold:

Pl nF,(yc,) > M(y) and n(1—F,(xc,)) > —N(x), as n — oo, for all continu-
ity points y <0 and x > 0 of the functions M and N, respectively;
P2 lim supn(l—F,(xc,)+ F,(—xc,) = 0;

X+ n

P3 b%lim> | xdF,(x) and [b] < oo;

n—ow Cp |x| Sren
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P4 hmhmsup 5 | x?dF,(x)=

20 pLg Gy |xl<sc,,

ProposITION 1 (Prokhorov [4]). Let, for each nz 1, {lus k= 1} be a se-
quence of iid random variables with means zero, distribution functlons F,, and let
Y be a Lévy process with the characteristic exponent given by (2) with the pair
(b,, v). Then Y, %Y in D[0, ) equipped with J; Skorokhod topology if and
only if {F,} satisfies condition P with drift b, and a spectral measure v.

In the paper we consider a situation when a Lévy process Y from Proposi-
tion 1 satisfies EY (f) = 0, which is equivalent to the following condition:

P5 | Ixlv(dx) <o and b,=— [ xv(dx).

lx|>1 |x|>r
But j|x|> xv(dx) = {_" xdM (x)+ |~ xdN (x). Therefore, using the formula for
integrating by parts, We see that under condition PS5 the following holds:

4) ' b,=rM(—1r)+rN(+ j M (x)dx+ f N(x)dx

Let F2(x) = P(ny—0, < x) and F#(x) = P(u,;—il, < x). Then immediately
from Proposition 1 we infer that if {F}} and {F#} satisfy conditions P1-P4
with pairs (b%, v%) and (b{, v4), respectively, then

X,=XB_xA2 xB_ x4,
where X® and X4 are Lévy processes with pairs (b%, v%) and (b{, v4), respec-
tively. :

In the paper we use also a reverse result to the above in some sense.
Namely, let

Cn,k g (vn,k_ﬁn)_(un,k_an)a n, k ? 17 and Ff’A (X) = P(Cu,k < X

PRrOPOSITION 2 (see [8], Theorem 1). Let {F24} satisfy conditions P1-P4

with functions N, M, the pair (b,, v) and assume that the following conditions
hold:

(5) 250, 250

Cl’l n

2

(6) lim j nFE4(xc,)dx = j M (x)dx.

Then {F2} and {F2} satisfy conditions P1-P4 with pairs (bZ, v%) and (b2, v4),
respectively, where b, = bE—b#, v®(a, b) = v(a, b), vA(a, b) = v(—b, —a) for
0<a<b and v®(a, b)=v*(a,b)=0 for a<b <0

Modifications of conditions P1-P4. Conditions P1-P4 deal with centered
r.v.’s by expected values. Here we consider some their modifications for not

8 — PAMS 27.1

]
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centered positive r.v.’s. In Proposition 3 we show that those two sets of con-

ditions are equivalent under some additional assumptions. The conditions in-

troduced here are more natural for our analysis of tightness of {w,/c,}-
Let {#,4, k = 1, n > 1} be an array of nonnegative r.v.’s w%nch are iid for

each n > 1 with dlstrlbutlon functions G, and finite means k, = E#,,. Intro-

duce the following notation for conditions on {G,}:

Gl  lim n(1—G,(xc,)) = —N¢(x) for the continuity points x >0 of N¢,;

n—oo

G2 lim supn(1—G,(xc,) =0

x> o0 n

G3 bh¥ —lim * { xdG,(x) and |6%| < o for some 0 <r < o0;

n—>o0 Cy ¥en

ECn

G4 lim 11msup [ x2dG,(x) =

e20  pao n 0

G5  [x9®(dx) < o and B¥ = — [ x¥%(dx), where ¥¢ is defined by N¢;
1 " .

G6  lim x,/c, = 0;

G7 lim nx2/c2 =

n—>w

Notice that G’l 1mphes G6 and it specifies the rate of convergence G6.

Define FG(x) P(py—%n < x) = G,(x+x,) for —oo<x<oo and
NeY N, MeE M, v ¥y in condition P1 for {F&}.

From the relation F§(xc,) = G,(ca(x+Kn/c,)) it follows that under con-
dition G6 we obtain M%(y) = lim,_. ,, FS (yc,) = 0, which in turn implies that
the spectral measure v¢ has support in (0, o). The following proposition gives
some relations between conditions P1-P4 and G1-G4.

ProPOSITION 3. If condition G6 holds, then the following relations are sat-
isfied:
& (i) {FS) satisfies P1 with N¢ = N¢ iff {G,} satisfies G1 with N¢ = N°.
(i) {FS} satisfies P2 iff {G,} satisfies G2.
(iii) If G1 holds, then {FS} satisfies P3 with b, = b¢ iff {G,} satisfies G3.
(iv) If G3 holds and {G,} satisfies G4, then {F§} satisfies P4.
Reverse: if G1,G3 and G7 hold and {F§} satisfies P4, then {G,} satisfies G4.
(v) Conditions P5 for {F&} and G5 are equivalent with be = b8.

From Proposition 3 we obtain the following remark.
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Remark 1. Under the condition G7 the set of conditions P1-P4 is equiv-
alent to the set of conditions G1-G4.

3. MAIN RESULTS

The main results of the paper are given in the following two theorems.

TueOREM 1. Let X225 X® and XA2 X4 in the Skorokhod J, topology
in D[0, ), where X® and X* are independent Lévy processes with
EXB(t) = EX4() = 0 and let conditions 11 and G7 hold. Then the sequence
{w,fca} is tight and

afcn D sup (XEB(6)— X4 (t)— Bt).
0£t<w

THEOREM 2. Let condition 1 hold with EX (t) =0 and assume that condi-
tions I and G7 are satisfied. Furthermore, let

-r

0 ' lim lim | nF24(xc,)dx = 0.

Then {w,/c,} is tight and _
wn/cy > sup (X (H)— ).

0<€t<w
THEOREM 3. Let {B,} and {A,} satisfy conditions G1-G5 with spectral
Lévy measures v* and v, respectively, and let condition 11 hold. Then the se-
quence {w,/c,} is tight.

The proofs of Theorems 1 and 2 are based on Propositions 1-3 from
Section 2 and on Lemmas 1-3 formulated below. The proof of Theorem 3 is
based on Lemmas 1-3. In those lemmas we use the notation w? and w? for the
stationary waiting times in some M/GI/1 and GI/M/1 queueing systems, re-
spectively. To define them let us denote by {y,., k > 1} a sequence of iid r.v.’s,
mutually independent of the sequences {v,;, k > 1} and {u,,, k = 1} and such
that y,, are exponentially distributed with mean

| Pn = By L 5,43 (8, 5,).
Since ,—y, = a,/2 <0 and y,—i, = a,/2 <0, the qﬁantities
®) of £l sup i (Un,j= Vn,) and of E sup i (yn,j_un,j)
O0<k<w j=1 0<k<w j=1
are finite with probability one. Hence we get the following inequality:
© . w, < o+ ol

LemMa 1. If the sequences {®w}/c,} and {w}/c,} are tight, then {w,/c,} is tight.
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Lemma 2. Let {B,} satisfy conditions G1-G4 and let condition 11 hold.
Then for each s =0 the following convergence holds:

(10) lim E (exp (—swk/c,)) = (1 +s_2[}lpB (s))_1 = PB(s),

where

(11) YE(s) = —sbP+ [ (e™—1)vB(dx)+ [ (e — 1 +5x) v* (dx)
r 0

and v® is the spectral measure defined by N® from G1. Moreover, if {B,} satisfies
condition G35, then

o0}

YE(s) = [ (e7—1+45x)v?(dx)

0

and WB(s) is the Laplace-Stieltjes transform of a probability measure on
[0, ).

Let Ao, be a number from the interval (0, 1), being the root of the fol-
lowing equation:

(12) s—fin(lfs) —o0,

Un

where A, denotes the Laplace-Stieltjes transform of A4,.
LEMMA 3. Let {A,} satisfy conditions G1-G5 and condition 1I. Then
1—4
(13) lim inf L0 g
n Up

and the sequence {w;/c,} is tight. Moreover, if

(14) 0<,1"=’flimL;'1°’"—)<oo,
then
(15) P(wi/c,>x)—e **, for x>0, as n— o0.

From the proofs of Lemmas 2 and 3 we get immediately the following
corollary.

COROLLARY 1. If each subsequence of the sequences {A,} and {B,} satisfies
conditions G1-GS5, then {w,/c,} is tight.

4. PROOFS

In this section we give proofs of Proposition 3, Lemmas 1-3 and Theo-
rems 1 and 2.
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Proof of Proposition 3
(i) First notice that in view of F¢ (yc,) = G, (ca(y+kn/c,)) and G6 we get

ME(y) =lim F¢(yc,) = im G,(c,(y+K,/c,)) =0 for y <0.

Now observe that the following relations hold:
Gn(CcnX) = Fy (Cax —K,) < FF (caX) = GplCa(x+1K4/c0)),
Fg (caX) = GulCcaX +K,) = Gylcyx) = F8 (Ca(x—Kn/Cr)).

For & > 0 let ny be such that for n > n, the inequality «,/c, < ¢ holds, which is
guaranteed by G6. Consequently, we obtain

1—G,(cax) = 1—FE(c,x) 2 1—G,(c,(x+¢)),
1—FF(cyx) € 1—=Gp(cax) £ 1—FE (ca(x—¢)).
Hence, if x is a continuity point of v% then the above implies
li’rln n(1-G,(c,x)) = lim(1—F§ (c, x)),

which proves equivalence (i).

(ii) The proof of equivalence (ii) runs over in a similar way to the proof of
equivalence (i).

The proofs of (iii) and (iv) are given here in terms of r.v.’s 5, = 1,; with
distribution functions G, and means «,, respectively. Then F¢ are distribution
functions of #,—x,, respectively, and I(4) denotes the indicator of a set A.

(iii) Notice that _
(16)  E(n—r) I (11 —1al <7C) = —E (tha—1ea) (1M —1c0] > ry)
= —En, I(n, > rc)) +En,I(re, <, < rc,+x,) 7
—En I, < —rcy) —EnnI(—rc, <1y < —réa+ 1)+ K P(Ia—54| > rey).
If G1 and G6 hold, then by equivalence (i) we get
17) lim— En,,l (re, < < re,+Ky)

n>w Cy

< lm (r4,/c) RP(rc, < fy < Cu(r+K4/c,)) =

In a similar way we obtain
(18) lim — En,I(—rc, <1, < —cu(r—Ky/cp))

Hence, if G1 and G6 hold, then by equivalence (i) and next by (17), (18) and (16)
we get

(19) lim —E(n, —x)I(n, | <rc,) = —lim — En,,I(n,l >1Cy),

n—>w Cp n—+ow Cy

which proves (iii).
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(iv) Let ¢ > 0 and n, be such that for n > n, the inequality «,/c, < ¢ holds.
To prove that G4 implies P4 under G1 and G6 notice that for n > n, the
following inclusions of sets hold:

{n— Kl < 8o} S {Mn < Ca+Ky} S {11n < 26c,}.

Hence for n > n, we have

— 2 -_
E("" x,,) I<|17,, Knlsg)sE(ﬂ_> I("" 2)+2 E= I( >2£)
Cn Cp Cn Cn Cn Cn Cn

which shows that G4 implies P4.
To prove that P4 implies G4 under G1 and G7 notice that

{n"<s} {w<e}={—s<u<a} {n"<——a}
Cn Cn Cn ' Cn Gy

Hence for «,/c, <& we have

{ﬂ< 3} c {I—’,’—"—_——K—"I < s}s A(n).
Cpn Cn
Therefore

nE ('Z—)Z 1<’Z— < e) < nE <Z—)2 I(A(n) = nE (ﬁc_—x +:—:)2 I(4(n)

=nE(@)21(A(n)) 2_ E("” ) (A(n))-l-(?)z nP (A (n).

Denote by D,;, i =1, 2, 3, the i-th component of the above sum. Applying
condition P4 to component D, , we get

limlimsup D, ; = 0.

€20 o

Next, applying conditions G1, G3 and G6, which imply P3, to component D,, 25
we obtain

lim 11m supD, , =0.

20 pogp

Finally, applying condition G7 to component D, 5, we have

limlimsup D, 5 = 0.

e*0 p

Hence by the inequality

" .
EE"II% I(nn < SC,,) < Dn,l +Dn,2+Dn,3
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we. get :
lim lim sup — En,, Iy, <ec,) =0.
Cy

20 n—oo
This ends the proof of (iv).

The proof of the equivalence of P5 and G5 is obvious. This completes the
proof of Proposition 3. =

Proof of Lemma 1. The proof of Lemma 1 follows from inequality (9). =

In the sequel we use the notation B, and A, for the Laplace—Stieltjes
transforms of {B,} and {4,}, respectively.

Proof of Lemma 2. Using the form of the distribution function for the
stationary waiting time in M/GI/1 queue, given in [3], p. 255, formula (4.82),
and next applying the consideration from Section 4.2 in [9], we get the fol-
lowing form of the Laplace—Stieltjes transform for wk/c,:

(20) Eexp(—sawb/c,) = (1 +—ﬁ§ n j' (exp (—sx/c,)— 1+ sx/c,)dB, (x)>_ ' ,

where

ﬂB nli]—n_fnl ‘n |an| _B__n
" Cn 2, 2

and pZ — /2 by condition II. Now by the definition of B,(s) we obtain
n(B,(s/ca) —1+si,/c,)

= n | (exp(—sx/c,)—1+sx/c,)dB,(x) = n f (e's" 1+sx)dB, (xc,).

O b=y 8§

But _ . o
(21) [ (e ™ —1+sx)dB,(xc,) = [(e™™—1+sx)dB,(xc,)
0 4]

+ 3 (e™**—1+sx)dB,(xc,)+s Oj? xdB, (xc,)+ oj? (e”**—1)dB,(xc,)

r
=Gy +Cu2+Co3+Coa,

where ¢ and r are continuity points of the spectral measure v. Using the in-
equality e™**—1+sx < 5” x* and condition G4 to the first component on the
right-hand side of the above equality, ie. to nC, , we get

(22) lim limsupn j (e”*—1+sx)dB,(xc,) < lim limsupn j (sx)*dB,(xc,)

E— 00 n—+>w

Cnt

= llmllmsup——s2 _f x2dB,(x) =

=0 Cy
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Applying condition G3 to the third component of (21), i.e. to nC, 3, we obtain

(23) sn | xdB,(xc,) = sﬁ | xdB,(x)—> —sb;.
r nrep

To consider components nC, ; and nC, 4 let us define measures v¢ on (0, oc) by
vz (a, b) = n(B,(bc,)— B, (ac,)) for 0 <a <b. Then by G1 and G2 we have
va(a, b) = V¥ (a, b) = N¥(b)— N®(a), as n — oo, if a and b are continuity points
of the spectral measure v2. Furthermore, let us define probability measures
7, and ¥ on [e, 00) by ¥, = v,/v,(e, c0) and ¥ = vB/vE (¢, 00), respectively. Since
¢ is a continuity point of v2, by conditions G1 and G2 we get the weak
convergence v, => V. The functions e™**—1 and e **—1+sx of variable x are
continuous on [0, o). Furthermore, they are bounded on [¢, o) and [e, r],
respectively. These facts jointly with v, = v give the following convergences:

n[(e'f"— 1+4+sx)dB,(xc,) = i(e‘”— 14 5x)v3(dx) - }(e's"— 1+ 5x)v8 (dx)

€

and

e—+0n—o

(24) lim lim n {(e”**—1+sx)dB,(xc,) = [ (™ —1+5x) v (dx).
€ 0
Similarly we get
(25)  nf(e—1)dB,(xc,) = [ (e"*—1)vi(dx) > [ (e*—1)v®(dx).
Now compiling convergences (22}{25) with (21) we: get the first assertion of
Lemma 2, ie. (10) and (11).

To prove the second assertion of the lemma we need to show that P2 (s)
is a continuous function at s=0, ie. limg,o%2(s)=1. This holds if
lim,_, o Y2 (s)/s = 0. But

limw = —bf—?xv"(dx).

s—=0 S

Hence by assumption G5 we get lim,_,o ¥/ (s)/s = 0. This completes the proof of
the lemma. m

Proof of Lemma 3. Since 4,, satisfies equation (12), we have

(26) Aow— A, (1 __’10"'> =0.

n

Putting
af 1 -_ )'0,7!

Zp = Cy

- 2
n
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we get Ao, = 1 —z,0,/c,, which together with (26) give the equality
1_Zn&_AAn (é) = 0.
Cn Cn
|an| 2 (zn> ﬁn
= A, — +z,—,
Cy Cn Cn
which in turn gives

27) 2,8, = n (A,, (ﬁ>— 1 +ﬁa,,).
Cn Cy

But

Hence

14z,

o0}

n (/in (Zn/cn) -1+ ﬁn Z,,/C,,) =n I (CXP (_ XZ,,/C,,) —1+ xzn/cn) dAn (X)
0

=n j‘ (exp ( — xzn/cn) —1+ XZ,,/C,,) dAn (x) +n I (CXP ( - xzn/cn) —1+ xzn/cn) dAn (X)
0

rep

7(5) sz,.(x)+nI(1+ —1+Z;x)dAn(x)
—zf
Cx (4] n ren
Consequently, by (27), we get
(28) —2 { x2dA,()+22 | xdA, ().
Cq 0 R rcn

But by conditions G4 and G3 we have

1 e8]
(29) hm 1supn— j x2dA,(x) < oo and lim> | xdA,(x) = — b,

- n Cp ren

respectively. Therefore, if z, — 0, then in view of lim, §, = # and next in virtue
of (28) and (29), and finally by lim,_,, b# = 0 we obtain 8 < 0, which contra-
dicts the assumption that 0 < f < co. Hence

lim inf (1 — 4y,,) ¢u/5, > 0.

It is well known that for GI/M/1 queues the distribution function of w, has
the form

P(w, > x) = Ao nexp(—(1—2o,4) x/v,) for x>0
(see [3], p. 230, equation (2.98)).
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Hence

P(w, > xc,) = Agnexp(—(1—Ao,) CnX/0,) for x>0
and
(30) lim sup P (w,/c, > x) = lim sup Ao, exp (—(1 — Ao,u) Cx X/Ts)

< lim sup exp (— (1 —Ao,u) v X/5y).-

n—+oo

The above jointly with assertion (13) imply that the sequence {w,/c,} is tight
both in the case when 0 < liminf,- . (1—2¢,,) ¢a/0, < 00 as well as in the case
when lim sup,., o, (1 — 20 4) €n/Us = 0.

To prove the second assertion of the lemma notice that under (14) we have
Jo.»— 1, which by the second equality in formula (30) gives the second asser-
tion of the lemma. This completes the proof of the lemma. =

Proof of Theorem 1. By the assumptions X223 XB X232 X4 and
EX®(t) = EX“(t) = 0 and by Proposition 1 it follows that the sequences {FZ}
and {F#} satisfy conditions P1-P5. This in turn and condition G7 imply that
the sequences {B,} and {4,} satisfy conditions G1-G7. Now by Lemma 2 we
see that {w?/c,} is tight and, by Lemma 3, {w#/c,} is tight. This in turn and
Lemma 1 imply that {w,/c,} is tight. Hence conditions I, II and III hold, which
implies that

wfca D sup (XE(6)—X4(t)—Bt).

0<t<w
This completes the proof of the theorem. =

Proof of Theorem 2. By the assumptions of Theorem 2 and by Proposi-
tion 1 it follows that {FF“} satisfies conditions P1-P5. This together with
assumption (7) imply by Proposition 2 that {FZ} and {Fj} satisfy condi-
tions P1-P5. That in turn and condition G7 imply that {B,} and {4,}
satisfy conditions G1-G7. Therefore, from Lemmas 2 and 3 we infer that
{w®/c,} and {w#/c,} are tight, which by Lemma 1 implies that {w,/c,} is
tight. Hence conditions I, IT and IIT are satisfied, which implies the conver-
gence

w,/cn D sup (X (0)—Be).

0<t<w
This completes the proof of the theorem. m

Proof of Theorem 3. The proof of the theorem follows immediately from
Lemmas 1-3. &
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